11. Introduction disturbance decoupling by state feedback as introduced by J.C. Willems in [ l ] . This problem deals with the situation in which we cannot achieve exact decoupling from the extern21 disturbances to an exogenous output channel as e.g. in [2] ,but only q p o z i r n a t e decoupling with any desired degree of accuracy. In general, the feedback gain necessary to achieve this will increase as the desired degree of accuracy increases. It may then happen however, that sorze of the state variables tend to peak excessively. It is of considerableinterest to know when it is possible to achieve disturbance decoupling within any desired degree of accuracy, while this peaking phenomenon will not occur.
paper is given by the equations This paper is concerned with the problem of almost The system that we will be considering in this k = A x + Bu + Gd z = H x, 1 1 z 2 = H x 2 (2.1)
where the control u(t), the state x(t), the disturbance d(t) and tne outputs z (t) and z2(t) are real vectors of finite dimensions. he will assume that the vector z (t) is an e n h r p e n z of z 1 (t), i. Obviously, the above question can be extenzed to include requirements of internal stability or freedom of pole assignment in the closed loop system. We will study the above question using the by now well known concepts of almost controlled invariant and almost controllability subspace. This paperwill only give a survey of the results. Complete proofs can be found in the original version of this paper [ 3 ] and in [ 4 ] .
Preliminaries and Background

Notation
The following notation will be used. If X is anormed vector space, we will write 11. 11 for the norm on X. Consider the system (2.1). We will assume that
A,B,G,HI and Hz are matrices of appropriaie-dimensions.
We will write Ki : = ker Hi, B: = ImBand AF: = A+BF. 
-c I
In this paper we will denote by X [ s ] (resp. X ( s ) , X + ( s ) ) the set of all n-vectors whose components are polynomials (resp. rational functions, strictly proper rational functions) with coeficients i n n . If K c X, For a description of (almost) controlled invariant subspaces in terms of (€,,o)-representations), we refer to [5, 8, 9 ]. In particular we can prove the following: LEMMA 3.3: Consider the system i = A x + B u . Let c X.
Then x E V * ( K ) if and only if x has a (€,,o)-representation with k ( s ) E K ( s ) and w(s) E U(s). Moreover, X E if and only if it has a (c,o)-representation with S ( s ) E K [ s ] and w ( s ) E U [ s ] .
Finally a word on distributions. If X is a finite dimensional vector space, 0: (X) will denote the space 
IV. Mathematical Problem Pormulation
Consider the system (2.1). We will assume that z, is an enlargment of z , that is, there is a matrix M ' such that H I =MHz or, 'equivalently ker H = : K 2 c K 1 : = ker H I 2 (4.1)
From now on, (4.1) will be a standing assumption. Note that if we take H 1 = Hz, we obtain the original Lp-almost disturbance decoupling problem (ADDP) , wlthout the bounded peaking requirement (see [ 17) .
Another interesting special case is to take H2=I,which corresponds to the requirement of bounded peaking of the Here, we define C(r): = i s E $!Res < r}. Thus, we require that the spectrum of the closed loop matrix can be located to the left of any vertical line R e s = r in the complex plane.
In the present paper, necessary and sufficient geometric conditions for the solvability of the above problems will be derived for the cases p = 1, p = 2 and p = m.
V.
-Disturbance Decoupling with Stability Constraints Prior to considerations involving the peaking behaviour of the enlarged output 22, we should make sure that the output 22 is in Lp[O,m) at all. Therefore, in this section we will introduce the following variation on the well known (exact) disturbance decoupling problem.
[2] DEFINITION 5.1: Consider the system (2.1). We will say that t h e disturbance decoupZing proble?; with outpt stability, DDPOS, is solvable if there is a feedback map F such that HI (Is -AF)-l G = 0 and H2(Is -A~1 -l G is stable (i.e. all its poles are in C g , an a priori specified symmetricset of complex numbers).
We will introduce the following subspace: DEFINITION 5.2: V (K1,X2) will denote the subspace of all points x E K 1 for which there is a (<,o)-representation with c ( s ) E X I , o ( s ) E U+(s) and H2C(s) is stable Thus, in the time domain, Vg(Kl,K2) consists of exactly those points of X in which a regular Bohl type state trajectory starts that lies entirely in Kt. The components of this trajectory modulo K2 are stable.
The following result calculates this subspace in terms of simpler ones:
Using this lemma, we can obtain the following result on the existence of a suitable state feedback: LEMMA 5.4: There exists a map F: . The f o llowing subspaces w i l l p l a y a n i m p o r t a n t r o l e :
DEFIXITIOX 6.1 : i'b(xl ,Z2) w i l l d e n o t e t h e s u b s p a c e o f a l l x E 2' t h a t h a v e a ( c , , ) . r e p r e s e n t a t i o n w i t h c ( s ) E K , ( s ) , d ( s ) E Z ( s ) and H2C(s)
i s proper and s t a b l e .
I n t e r p r e t e d i n t h e t i m e d o m a i n , t h e a b o v e s u b s p a c e c o ns i s t s e x a c t l y o f t h o s e p o i n t s i n
, ?' t h a n c a n s e r v e a s i n i t i a l c o n d i t i o n f o r some B o h l t y p e d i s t r i b u t i o n a l t r a j e c t o r y t h a t l i e s e n t i r e 1 : J i n , w h i l e t h e v e c t o r o f c o m p o n e n t s o f t h e t r a j e c t o r y m o a u l o K2 i s t h e sum of a s t a b l e r e g u l a r B o h l t y p e f u n c t i o n a n d a D i r a c d e l t a . I t follows immediately from : E m 3 . 3 t h a t j b ( K 1 , i i 2 ) i s c o n t a i n e d i n 7*(J'l). 
i t s a s i m i l a r i n t e r p r e t a t i o n i n t h e time $&main a s Vb(Zi,:K2) w i t h t h e d i f f e r e n c e t h a t now t h e t r a j e c t o r i e s b l t h s t a r t i n g p o i n t s i n t h i s s p a c e c a n b e t a k e n t o b e s t a b l e . O b v i o u s l y , t h e i n c l u s i o n
d e n o t e t h e s u b s p a c e o f a l l x E Z t h a t h a v e a ( c , , ) -r e p r e s e n t a t i o n w i t h
I n t h e time domain, .?b(%1,%2.' c o n s i s t s e x a c t l y o f t h o s e p o i n t s i n X t h a t c a n b e ' d r i v e n t o 0 a l o n g a p u r e l y d i s t r i b u t i o n a l B o h l t y p e t r a j e c t o r y t h a t l i e s e n t i r e l y i n L 1 , w h i l e t h e v e c t o r o f c o m p o n e n t s o f t h i s t r a j e c t o r y modulo 1 2 i s a D i r a c d e l t a . I t c a n b e v e r i f i e d d i r e c t l y t h a t t h e i n c l u s i o n 2 g ( Z 2 )
c -?b(Ki , X 2 ) C -? g ( . K l ) h o l d s . I n f a c t , we h a v e t h e f o l l o w i n g r e s u l t :
The i m p o r t a n c e o f t h i s t h e o r e m i s , t h a t i t shows, tog e t h e r w i t h LE" 5 . 3 , t h a t t h e s u b s p a c e s we i n t r o d u c e d c a n i n p r i n c i p l e b e c a l c u l a t e d u s i n g e x i s t i n g a l g o r i t h m s . The s t a b i l i z a b i l i t y s u b s p a c e s a n d c o n t r o l l e d i n v a r i a n t s u b s p a c e s a p p e a r i n g i n t h e a b o v e f o r m u l a s c a n b e c a l c u l t e d u s i n g t h e i n v a r i a n t s u b s p a c e a l g o r i t h m , ?loreover, since some new almost cont r o l l e d i n v a r i a n t a n d a l m o s t c o n t r o l l a b i l i t y s u b s p a c e s . We n o t e d t h a t t h e s e s u b s p a c e s c a n b e c a l c u l a t e d u s i n g e x i s t i n g a l g o r i t h m s . [41 H.L. T r e n t e l m a n . D o c t o r a l d i s s e r t a t i o n , M a t h e m a t i c s I n s t i t u t e G r o n i n g e n .
S i n c e V * ( Z ,
To a p p e a r .
